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Study of a chemo-repulsion model with quadratic production.
Part II: Analysis of an unconditionally energy-stable fully
discrete scheme
F. Guillén-González∗, M. A. Rodríguez-Bellido∗ and D. A. Rueda-Gómez∗†
Abstract
This work is devoted to the study of a fully discrete scheme for a repulsive chemotaxis
with quadratic production model. By following the ideas presented in [10], we introduce an
auxiliary variable (the gradient of the chemical concentration), and prove that the corre-
sponding Finite Element (FE) backward Euler scheme is conservative and unconditionally
energy-stable. Additionally, we also study some properties like solvability, a priori estimates,
convergence towards weak solutions and error estimates. On the other hand, we propose
two linear iterative methods to approach the nonlinear scheme: an energy-stable Picard
method and Newton’s method. We prove solvability and convergence of both methods to-
wards the nonlinear scheme. Finally, we provide some numerical results in agreement with
our theoretical analysis with respect to the error estimates.
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Keywords: Chemorepulsion-production model, fully discrete scheme, finite element method,
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1 Introduction
The aim of this paper is to study an unconditionally energy-stable fully discrete scheme for the
following parabolic-parabolic repulsive-productive chemotaxis model (with quadratic production
term): 
∂tu−∆u = ∇ · (u∇v) in Ω, t > 0,
∂tv −∆v + v = u
2 in Ω, t > 0,
∂u
∂n =
∂v
∂n = 0 on ∂Ω, t > 0,
u(x, 0) = u0(x) ≥ 0, v(x, 0) = v0(x) ≥ 0 in Ω,
(1)
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where Ω is a n−dimensional open bounded domain, n = 1, 2, 3, with boundary ∂Ω. The un-
knowns for this model are u(x, t) ≥ 0, the cell density, and v(x, t) ≥ 0, the chemical concentra-
tion. Problem (1) is conservative in u, because the total mass
∫
Ω u(t) remains constant in time,
as we can check integrating equation (1)1 in Ω,
d
dt
(∫
Ω
u
)
= 0, i.e.
∫
Ω
u(t) =
∫
Ω
u0 := m0|Ω|, ∀t > 0.
In [10] it was proved that there exist global in time “weak-strong” solutions of problem (1) in the
following sense: u ≥ 0 and v ≥ 0 a.e. (t,x) ∈ (0,+∞)× Ω,
(u−m0, v −m
2
0) ∈ L
∞(0,+∞;L2(Ω)×H1(Ω)) ∩ L2(0,+∞;H1(Ω)×H2(Ω)),
(∂tu, ∂tv) ∈ L
q′(0, T ;H1(Ω)′ × L2(Ω)), ∀T > 0,
(2)
where q′ = 2 in the 2-dimensional case (2D) and q′ = 4/3 in the 3-dimensional case (3D) (q′
is the conjugate exponent of q = 2 in 2D and q = 4 in 3D), satisfying the u-equation (1)1 in
a variational sense, the v-equation (1)2 pointwisely a.e. (t,x) ∈ (0,+∞) × Ω, and the following
energy inequality a.e. t0, t1 : t1 ≥ t0 ≥ 0:
E(u(t1), v(t1))− E(u(t0), v(t0)) +
∫ t1
t0
(‖∇u(s)‖2L2 +
1
2
‖∆v(s)‖2L2 +
1
2
‖∇v(s)‖2L2) ds ≤ 0,
where E(u, v) = 12‖u‖
2
L2 +
1
4‖∇v‖
2
L2 . Moreover, assuming the following regularity criterion:
(u,∇v) ∈ L∞(0,+∞;H1(Ω)×H1(Ω)),
(which, at least is true in 1D and 2D domains), it was proved in [10] that there exists a unique
global in time strong solution of (1) satisfying
(u−m0, v −m
2
0) ∈ L
∞(0,+∞;H2(Ω)2) ∩ L2(0,+∞;H3(Ω)2),
(∂tu, ∂tv) ∈ L
∞(0,+∞;L2(Ω)×H1(Ω)) ∩ L2(0,+∞;H1(Ω)×H2(Ω)),
(∂ttu, ∂ttv) ∈ L
2(0,+∞;H1(Ω)′ × L2(Ω)).
(3)
In particular, (3)1 implies that (u, v) ∈ L
∞(0,+∞;L∞(Ω)2). It should be desirable to design
numerical methods for the model (1) conserving at the discrete level the main properties of the
continuous model, such as mass-conservation, energy-stability, positivity and regularity.
In relation to the study of chemo-repulsion models, there are some results about existence,
uniqueness, regularity and qualitative properties of the solutions ([5, 9, 10, 12, 17, 18]). In
[5], the well-posedness of a chemo-repulsion model with linear production was studied, proving
existence of global in time weak solutions and, for 2D domains, existence and uniqueness of global
in time strong solution. In the case of superlinear diffusion, global existence and uniqueness of
solution in nD domains (for n ≥ 3) have been proved in [9]. Tao, in [17], analyzed a chemo-
2
repulsion model with nonlinear chemotactic sensitivity and linear production in nD domains
(with n ≥ 3). Under some constraints on the chemotactic sensitivity function, the existence of
bounded classical solutions and the asymptotic convergence to the constant steady state were
proved. In [18], an extension of the Lotka-Volterra competition model was studied, in which a
chemo-repulsive signal allows to one of the species to avoid encounters with rivals. The existence
of global classical solution for the parabolic-parabolic and parabolic-elliptic cases in nD domains
(for n ≥ 1) were proved there. In [12], the existence, uniform boundedness and long time
behaviour of classical global solution were proved for a parabolic-elliptic chemo-repulsion system
with nonlinear chemotactic sensitivity and nonlinear production. In [19], radially symmetric
solutions of a parabolic-elliptic chemoattraction system with nonlinear signal production (up)
were studied, giving sufficient conditions (on the power p) under which global bounded classical
solution can be found.
On the other hand, some previous works about numerical analysis for chemotaxis models are the
following. For the Keller-Segel system (i.e. with chemo-attraction and linear production), in [7]
Filbet studied the existence of discrete solutions and the convergence of a finite volume scheme.
Saito, in [15], proved error estimates for a conservative Finite Element (FE) approximation. A
mixed FE approximation was studied in [13]. In [6], some error estimates were proved for a fully
discrete discontinuous FE method. An energy-stable finite volume scheme for the Keller-Segel
model with an additional cross-diffusion term has been studied in [2]. In [21], a finite volume
approximation for the parabolic-elliptic Keller-Segel system was studied, obtaining some error
estimates and analyzing the blow-up phenomenon for the numerical solution. The convergence
of a characteristic splitting mixed finite element scheme for the Keller-Segel system was studied
in [20] and the corresponding error estimates were derived. In [11], unconditionally energy stable
FE schemes for a chemo-repulsion model with linear production were studied. The convergence
of a combined finite volume-nonconforming FE scheme was studied in [4], in the case where
the chemotaxis occurs in heterogeneous medium. In [8], the convergence of a positive nonlin-
ear control volume finite element scheme for solving an anisotropic degenerate breast cancer
development model (in which, chemotaxis phenomenon is included) was analyzed.
In this paper, we propose an unconditionally energy-stable fully discrete FE scheme, which
inherit some other properties from the continuous model, such as mass-conservation, and weak
and strong estimates analogous to (2) and (3). Moreover, with respect to the positivity of the
discrete variables unh and v
n
h , we can deduce that v
n
h ≥ 0 (see Remark 3.2), but the positivity of
discrete cell density unh can not be assured.
In order to design the scheme, we follow the ideas presented in [10], where (1) is reformulated
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by introducing the auxiliary variable σ = ∇v instead of v. Then, model (1) is rewritten as:
.

∂tu−∇ · (∇u) = ∇ · (uσ) in Ω, t > 0,
∂tσ −∇(∇ · σ) + σ + rot(rot σ) = ∇(u
2) in Ω, t > 0,
∂u
∂n = 0 on ∂Ω, t > 0,
σ · n = 0, [rot σ × n]tang = 0 on ∂Ω, t > 0,
u(x, 0) = u0(x) ≥ 0, σ(x, 0) = ∇v0(x) in Ω,
(4)
where (4)2 has been obtained by applying the gradient operator to equation (1)2 and adding the
term rot(rot σ) using that rot σ = rot(∇v) = 0. Once system (4) is solved, v can be recovered
from u2 by solving 
∂tv −∆v + v = u
2 in Ω, t > 0,
∂v
∂n = 0 on ∂Ω, t > 0,
v(x, 0) = v0(x) > 0 in Ω.
(5)
The outline of this paper is as follows: In Section 2, the notation and some preliminary results
are given. In Section 3, the properties of the FE backward Euler scheme corresponding to
formulation (4)-(5) are studied, including the mass conservation, unconditional energy-stability,
solvability, weak and strong estimates, convergence towards weak solutions, and optimal error
estimates. In Section 4, two different linear iterative methods are proposed in order to approach
the nonlinear scheme described in Section 3, which are an energy-stable Picard method and
Newton’s method. Solvability of these methods and convergence towards the nonlinear scheme
are also proved. Finally, in Section 5, some numerical results, in agreement with the theoretical
analysis about the error estimates, are presented.
2 Notations and preliminary results
The classical Sobolev spaces Hm(Ω) and Lebesgue spaces Lp(Ω), 1 ≤ p ≤ ∞, with norms ‖ · ‖m
and ‖ · ‖Lp , respectively, will be considered. In particular, the L
2(Ω)-norm will be denoted by
‖·‖0. The spaceH
1
σ(Ω) is defined asH
1
σ(Ω) := {u ∈H
1(Ω) : u·n = 0 on ∂Ω} and the following
equivalent norms in H1(Ω) and H1σ(Ω), respectively (see [14] and [1, Corollary 3.5], respectively)
will be used:
‖u‖21 = ‖∇u‖
2
0 +
(∫
Ω
u
)2
, ∀u ∈ H1(Ω),
‖σ‖21 = ‖σ‖
2
0 + ‖rot σ‖
2
0 + ‖∇ · σ‖
2
0, ∀σ ∈H
1
σ(Ω).
If Z is a general Banach space, its topological dual will be denoted by Z ′. Moreover, the letters
C,Ci,Ki will denote different positive constants independent of discrete parameters.
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The following linear elliptic operators are introduced, namely
Âu = g ⇐⇒

−∆u+
∫
Ω u = g in Ω,
∂u
∂n
= 0 on ∂Ω,
(6)
Av = g ⇐⇒

−∆v + v = g in Ω,
∂v
∂n
= 0 on ∂Ω,
(7)
and
Bσ = h ⇐⇒
{
−∇(∇ · σ) + rot(rot σ)+ σ = h in Ω,
σ · n = 0, [rot σ × n]tang = 0 on ∂Ω,
(8)
which, in variational form, are given by Â, A : H1(Ω)→ H1(Ω)′ and B :H1σ(Ω)→H
1
σ(Ω)
′ such
that
〈Âu, u¯〉 = (∇u,∇u¯) +
(∫
Ω
u
)(∫
Ω
u¯
)
, ∀u, u¯ ∈ H1(Ω),
〈Av, v¯〉 = (∇v,∇v¯) + (v, v¯), ∀v, v¯ ∈ H1(Ω),
〈Bσ, σ¯〉 = (σ, σ¯) + (∇ · σ,∇ · σ¯) + (rot σ, rot σ¯), ∀σ, σ¯ ∈H1σ(Ω).
The H2-regularity of problems (6)-(8) must be assumed. Consequently, there exist some con-
stants C > 0 such that
‖u‖2 ≤ C‖Âu‖0 ∀u ∈ H
2(Ω), ‖v‖2 ≤ C‖Av‖0 ∀v ∈ H
2(Ω), (9)
‖σ‖2 ≤ C‖Bσ‖0 ∀σ ∈H
2(Ω). (10)
The classical 3D interpolation inequality will be repeatedly used
‖u‖L3 ≤ C‖u‖
1/2
0 ‖u‖
1/2
1 ∀u ∈ H
1(Ω). (11)
Finally, the following result will also be used (see [16]):
Lemma 2.1. (Uniform discrete Gronwall lemma) Let k > 0 and dn, gn, hn ≥ 0 such that
dn+1 − dn
k
≤ gndn + hn, ∀n ≥ 0.
If for any r ∈ N, there exist a1(tr), a2(tr) and a3(tr) depending on tr = kr, such that
k
n0+r−1∑
n=n0
gn ≤ a1(tr), k
n0+r−1∑
n=n0
hn ≤ a2(tr), k
n0+r−1∑
n=n0
dn ≤ a3(tr),
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for any integer n0 ≥ 0, then
dn ≤
(
a2(tr) +
a3(tr)
tr
)
exp {a1(tr)} , ∀n ≥ r.
As a consequence of Lemma 2.1 and the classical discrete Gronwall Lemma, the following result
holds (see [10, Corollary 2.4.]):
Corollary 2.2. Assume conditions of Lemma 2.1. Let k0 ∈ N be fixed, then the following
estimate holds for all k ≤ k0
dn ≤ C(d0, k0) ∀n ≥ 0.
3 Fully discrete backward Euler scheme in the variables (u,σ)
This section is devoted to design an unconditionally energy-stable scheme for model (1) (with
respect to a modified energy in the variables (u,σ)), using a FE discretization in space and the
backward Euler discretization in time (considered for simplicity on a uniform partition of [0,+∞)
given by tn = nk, where k > 0 denotes the time step). Concerning the space discretization, let
{Th}h>0 be a family of shape-regular and quasi-uniform triangulations of Ω made up of simplexes
K (triangles in two dimensions and tetrahedra in three dimensions), such that Ω = ∪K∈ThK,
where h = maxK∈Th hK , with hK being the diameter of K. Furthermore, Nh = {ai}i∈I denotes
the set of all nodes of Th. The following continuous FE spaces for u, σ and v, are chosen:
(Uh,Σh, Vh) ⊂ H
1 ×H1σ ×W
1,6 generated by Pk,Pm,Pr with k,m, r ≥ 1.
Now, the linear operators Âh : H
1(Ω) → Uh, Bh : H
1
σ(Ω) → Σh and Ah : H
1(Ω) → Vh are
considered, defined by:
(Âhuh, u¯h) = (∇uh,∇u¯h) +
(∫
Ω
uh
)(∫
Ω
u¯h
)
, ∀u¯h ∈ Uh,
(Bhσh, σ¯h) = (∇ · σh,∇ · σ¯h) + (rot σh, rot σ¯h) + (σh, σ¯h), ∀σ¯h ∈ Σh,
(Ahvh, v¯h) = (∇vh,∇v¯h) + (vh, v¯h), ∀v¯h ∈ Vh.
(12)
Moreover, we choose the following interpolation operators:
Ruh : H
1(Ω)→ Uh, R
σ
h :H
1
σ(Ω)→ Σh, R
v
h : H
1(Ω)→ Vh,
such that, for all u ∈ H1(Ω), σ ∈ H1σ(Ω) and v ∈ H
1(Ω), the operators Ruhu ∈ Uh, R
σ
hσ ∈ Σh
and Rvhv ∈ Vh satisfy respectively
(∇(Ruhu− u),∇u¯h) +
(∫
Ω
(Ruhu− u)
)(∫
Ω
u¯h
)
= 0, ∀u¯h ∈ Uh, (13)
(∇ · (Rσhσ − σ),∇ · σ¯h) + (rot(R
σ
hσ − σ), rot σ¯h) + (R
σ
hσ − σ, σ¯h) = 0, ∀σ¯h ∈ Σh, (14)
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(∇(Rvhv − v),∇v¯h) + (R
v
hv − v, v¯h) = 0, ∀v¯h ∈ Vh. (15)
Observe that, from Lax-Milgram Theorem, the interpolation operators Ruh, R
σ
h and R
v
h are well
defined. Moreover, the following interpolation errors hold
1
h
‖Ruhu− u‖0 + ‖R
u
hu− u‖1 ≤ Ch
k′‖u‖k′+1 ∀u ∈ H
k′+1(Ω), (1 ≤ k′ ≤ k) (16)
1
h
‖Rσhσ − σ‖0 + ‖R
σ
hσ − σ‖1 ≤ Ch
m′‖σ‖m′+1 ∀σ ∈H
m′+1(Ω), (1 ≤ m′ ≤ m) (17)
1
h
‖Rvhv − v‖0 + ‖R
v
hv − v‖1 ≤ Ch
r′‖v‖r′+1 ∀v ∈ H
r′+1(Ω), (1 ≤ r′ ≤ r). (18)
Also, the following stability property will be used
‖(Ruhu,R
σ
hσ,R
v
hv)‖W 1,6 ≤ C‖(u,σ, v)‖2, (19)
which can be obtained from (16)-(18), using the inverse inequality
‖(uh,σh, vh)‖W 1,6 ≤ Ch
−1‖(uh,σh, vh)‖1 ∀(uh,σh, vh) ∈ Uh ×Σh × Vh, (20)
and comparing Ru,σ,vh with an average interpolation of Clement or Scott-Zhang type (which are
stable in the W 1,6-norm).
Lemma 3.1. Assume the H2-regularity for problems (6)-(8) given in (9)-(10). Then,
‖uh‖W 1,6 ≤ C‖Âhuh‖0 ∀uh ∈ Uh, ‖vh‖W 1,6 ≤ C‖Ahvh‖0 ∀vh ∈ Vh, (21)
‖σh‖W 1,6 ≤ C‖Bhσh‖0 ∀σh ∈ Σh. (22)
Proof. First, we consider regular functions associated to the discrete functions Âhuh, Ahvh and
Bhσh. We define u(h), v(h) ∈ H
2(Ω) and σ(h) ∈H2(Ω) as the solutions of elliptic problems
Au(h) = Âhuh, Av(h) = Ahvh and Bσ(h) = Bhσh.
In particular, from (9)-(10),
‖u(h)‖2 ≤ C‖Âhuh‖0, ‖v(h)‖2 ≤ C‖Ahvh‖0 and ‖σ(h)‖2 ≤ C‖Bhσh‖0. (23)
We are going to prove (22), because (21) can be proved analogously. Now, by applying (19) and
(20), we decompose the W 1,6-norm as:
‖σh‖W 1,6 ≤ ‖σh −R
σ
hσ(h)‖W 1,6 + ‖R
σ
hσ(h)‖W 1,6
≤ C h−1‖σh −R
σ
hσ(h)‖1 + C ‖σ(h)‖W 1,6 . (24)
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By testing Bσ(h) by any σ¯h ∈ Σh and using (12)2 we have
(∇ · σh,∇ · σ¯h) +(rot σh, rot σ¯h) + (σh, σ¯h)
= (∇ · σ(h),∇ · σ¯h) + (rot σ(h), rot σ¯h) + (σ(h), σ¯h), ∀σ¯h ∈ Σh. (25)
By subtracting at both sides of (25) the terms (∇ · Rσhσ(h),∇ · σ¯h), (rotR
σ
hσ(h), rot σ¯h) and
(Rσhσ(h), σ¯h), taking σ¯h = σh −R
σ
hσ(h) ∈ Σh in (25), and using the Hölder inequality,
‖σh −R
σ
hσ(h)‖1 ≤ C‖R
σ
hσ(h)− σ(h)‖1 ≤ Ch‖σ(h)‖2, (26)
where the interpolation error (17) was used in the last inequality. Finally, using (23), (24) and
(26), inequality (22) is deduced.
3.1 Definition of the scheme US
Taking into account the reformulation (4), we consider the following FE backward Euler scheme
in the variables (u,σ) (Scheme US, from now on) which is a first order in time, nonlinear and
coupled scheme (hereafter, we denote δta
n = (an − an−1)/k):
• Initialization: We fix (u0h,σ
0
h) = (R
u
hu0,R
σ
h (∇v0)) ∈ Uh ×Σh and v
0
h = R
v
hv0 ∈ Vh.
• Time step n: Given (un−1h ,σ
n−1
h ) ∈ Uh ×Σh, compute (u
n
h,σ
n
h) ∈ Uh ×Σh solving{
(δtu
n
h, u¯h) + (∇u
n
h,∇u¯h) + (u
n
hσ
n
h,∇u¯h) = 0, ∀u¯h ∈ Uh,
(δtσ
n
h, σ¯h) + (Bhσ
n
h, σ¯h)− 2(u
n
h∇u
n
h, σ¯h) = 0, ∀σ¯h ∈ Σh.
(27)
Once the scheme US is solved, vnh = v
n
h((u
n
h)
2) ∈ Vh can be recovered by solving:
(δtv
n
h , v¯h) + (Ahv
n
h , v¯h) = ((u
n
h)
2, v¯h), ∀v¯h ∈ Vh. (28)
Lax-Milgram theorem implies that there exists a unique vnh ∈ Vh solution of (28).
Remark 3.2. By using the mass-lumping technique in all terms of (28) excepting the self-
diffusion term (∇vnh ,∇v¯h), approximating by P1-continuous FE and imposing an acute trian-
gulation (all angles of the triangles or tetrahedra must be at most pi/2), one has that if vn−1h ≥ 0
then vnh ≥ 0. However, at least in all numerical simulations that we have made without us-
ing mass-lumping, we have not found any example in which, starting with v0h ≥ 0 we obtain
vnh(ai) < 0, for some n > 0 and ai.
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3.2 Conservation, Solvability, Energy-Stability and Convergence
Assuming that the functions u¯h = 1 ∈ Uh and v¯h = 1 ∈ Vh, one can deduce that the scheme US
conserves in time the total mass
∫
Ω u
n
h, that is,∫
Ω
unh =
∫
Ω
un−1h = · · · =
∫
Ω
u0h,
and the following behavior of
∫
Ω v
n
h holds:
δt
(∫
Ω
vnh
)
=
∫
Ω
(unh)
2 −
∫
Ω
vnh .
Now, we establish some results concerning to the solvability and energy-stability of the schemeUS,
but we will omit their proofs because those follow the same ideas given in [10] (Theorem 4.4 and
Lemma 4.7, respectively).
Theorem 3.3. (Unconditional existence and conditional uniqueness) There exists
(unh,σ
n
h) ∈ Uh ×Σh solution of the scheme US. Moreover, if
k‖(unh,σ
n
h)‖
4
1 is small enough, (29)
then the solution is unique.
Remark 3.4. In the case of 2D domains, since one has estimate (36) below, then the uniqueness
restriction (29) can be relaxed to kK20 small enough, where K0 is a constant depending on data
(Ω, u0,σ0), but independent of (k, h) and n.
Remark 3.5. In 3D domains, using the inverse inequality ‖uh‖1 ≤
C
h ‖uh‖0 (see Lemma 4.5.3
in [3], p. 111) and estimate (32) below, we have that
‖(unh,σ
n
h)‖
4
1 ≤
C
h4
‖(unh,σ
n
h)‖
4
0 ≤
C
h4
C20 ,
and therefore, the uniqueness restriction (29) can be rewritten as
k
h4
small enough. (30)
Definition 3.6. A numerical scheme with solution (un,σn) is called energy-stable with respect
to the energy
E(u,σ) =
1
2
‖u‖20 +
1
4
‖σ‖20,
if this energy is time decreasing, that is
E(unh,σ
n
h) ≤ E(u
n−1
h ,σ
n−1
h ), ∀n.
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Lemma 3.7. (Unconditional energy-stability) The scheme US is unconditionally energy-
stable with respect to E(u,σ). In fact, for any (unh,σ
n
h) solution of the scheme US, the following
discrete energy law holds
δtE(u
n
h,σ
n
h)+
k
2
‖δtu
n
h‖
2
0 +
k
4
‖δtσ
n
h‖
2
0 + ‖∇u
n
h‖
2
0 +
1
2
‖σnh‖
2
1 = 0. (31)
Remark 3.8. Looking at (31), one can say that scheme US introduces the following two first
order “numerical dissipation" terms:
k
2
‖δtu
n
h‖
2
0 and
k
4
‖δtσ
n
h‖
2
0.
3.2.1 Uniform weak estimates
Starting from the (local in time) discrete energy law (31), some global in time estimates for
(unh,σ
n
h) will be obtained. The letters C,Ci,Ki denote different positive constants depending on
the data (Ω, u0, v0), but independent of discrete parameters (k, h) and time step n. Hereafter,
in order to abbreviate, we introduce the notation:
(uˆ, vˆ) = (u−m0, v −m
2
0).
Theorem 3.9. (Weak estimates of (unh,σ
n
h)) Let (u
n
h,σ
n
h) be a solution of the scheme US.
Then, the following estimates hold
‖(unh,σ
n
h)‖
2
0 + k
n∑
m=1
‖(uˆmh ,σ
m
h )‖
2
1 ≤ C0, ∀n ≥ 1. (32)
Proof. The proof follows as in Theorem 4.9 of [10].
In contrast to what happens in the time-discrete scheme corresponding to US (see [10]), in the
fully discrete scheme US it is not clear how to quantify the relation σnh ≃ ∇v
n
h . Therefore, the
uniform estimates for vnh can not be obtained directly from the estimates for σ
n
h. Alternatively,
uniform weak estimates for vnh will be directly obtained from (28).
Lemma 3.10. (Weak estimates for vnh) Let v
n
h be the solution of (28). Then, the following
estimate holds
‖vnh‖
2
0 + k
n∑
m=1
‖vˆmh ‖
2
1 ≤ K0, ∀n ≥ 1. (33)
Proof. Rewriting (28) as
(δtvˆ
n
h , v¯h) + (Ahvˆ
n
h , v¯h) = ((uˆ
n
h + 2m0)uˆ
n
h, v¯h), ∀v¯h ∈ Vh, (34)
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and taking v¯ = vˆnh in (34) one has
δt‖vˆ
n
h‖
2
0 +‖vˆ
n
h‖
2
1 ≤ C‖uˆ
n
h + 2m0‖
2
L3/2
‖uˆnh‖
2
L6 ≤ C‖uˆ
n
h‖
2
H1 ,
from which, adding for m = 1, · · ·, n and using (32), one can deduce (33).
3.2.2 Convergence
Starting from the previous stability estimates, proceeding as in Theorem 4.11 of [10], the con-
vergence of the scheme US towards weak solutions as (k, h) → 0 can be proved. Concretely, by
introducing the functions:
• (u˜h,k, σ˜h,k) are continuous functions on [0,+∞), linear on each interval (tn−1, tn) and equal
to (unh,σ
n
h) at t = tn, n ≥ 0;
• (uh,k,σh,k) are the piecewise constant functions taking values (u
n
h,σ
n
h) on (tn−1, tn], n ≥ 1,
then, the following result holds:
Theorem 3.11. (Convergence of (u,σ)) There exist a subsequence (k′, h′) of (k, h), with
k′, h′ ↓ 0, and a weak solution (u,σ) of (4) in (0,+∞), such that (u˜h′,k′ − m0, σ˜h′,k′) and
(uh′,k′ −m0,σh′,k′) converge to (u −m0,σ) weakly-* in L
∞(0,+∞;L2(Ω) × L2(Ω)), weakly in
L2(0,+∞;H1(Ω)×H1(Ω)) and strongly in L2(0, T ;L2(Ω)×L2(Ω)), for any T > 0.
Note that, since the positivity of unh cannot be assured, then the positivity of the limit function u
cannot be proven in 3D domains. For 1D and 2D domains, the positivity of u can be recovered
a posteriori, using the existence and uniqueness of (positive) weak solution (u,σ) of (4), see [10].
On the other hand, by introducing the following functions:
• v˜h,k are continuous functions on [0,+∞), linear on each interval (tn−1, tn) and equal to v
n
h ,
at t = tn, n ≥ 0;
• vh,k are the piecewise constant functions taking values v
n
h on (tn−1, tn], n ≥ 1,
proceeding as in Lemma 4.12 of [10] and taking into account the estimate (33), the following
result can be proved:
Lemma 3.12. (Convergence of v) There exist a subsequence (k′, h′) of (k, h), with k′, h′ ↓ 0,
and a weak solution v of (5) in (0,+∞), such that v˜h′,k′−m
2
0 and vh′,k′−m
2
0 converge to v−m
2
0
weakly-* in L∞(0,+∞;L2(Ω)), weakly in L2(0,+∞;H1(Ω)) and strongly in L2(0, T ;L2(Ω)), for
any T > 0.
Remark 3.13. From the equivalence of problems (1) and (4)-(5) stablished in [10], and taking
into account Theorem 3.11 and Lemma 3.12, we deduce that the limit pair (u, v) is a weak-strong
solution of problem (1).
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3.3 Uniform strong estimates
In this subsection, some a priori strong estimates of the scheme US are obtained by assuming a
regularity criterion (see (36) below) which can be proved, at least, for 1D and 2D domains (see
Theorem 4.22 of [10]).
Lemma 3.14. (Strong inequality for (unh,σ
n
h)) It holds
δt‖(uˆ
n
h,σ
n
h)‖
2
1 + ‖(uˆ
n
h,σ
n
h)‖
2
W 1,6 + ‖(δtuˆ
n
h, δtσ
n
h)‖
2
0 ≤ C1
(
‖(uˆnh,σ
n
h)‖
2
1
)d
+ C2‖(uˆ
n
h,σ
n
h)‖
2
1 (35)
where d = 2 for 2D domains and d = 3 for 3D domains.
Proof. The proof follows as in Lemma 4.14 of [10], but in this case it is necessary to use the
estimates (21)-(22).
Corollary 3.15. (Strong estimates for (unh,σ
n
h)) Let (u0, v0) ∈ H
1(Ω)×H2(Ω) and (unh,σ
n
h)
be a solution of the scheme US. Assuming the following regularity criterion:
‖(unh,σ
n
h)‖
2
1 ≤ K0, ∀n ≥ 0, (36)
then the following estimate holds
k
n∑
m=1
(‖(δtu
m
h , δtσ
m
h )‖
2
0 + ‖(uˆ
m
h ,σ
m
h )‖
2
W 1,6) ≤ K1, ∀n ≥ 1, (37)
Proof. The proof follows by using (32) and (36) in (35).
Corollary 3.16. (Regular estimates for (unh,σ
n
h)) Assume that (u0,σ0) ∈ H
2(Ω)×H2(Ω).
Under the hypothesis of Corollary 3.15, the following estimates hold
‖(δtu
n
h, δtσ
n
h)‖
2
0 + k
n∑
m=1
‖(δtu
m
h , δtσ
m
h )‖
2
1 ≤ K2, ∀n ≥ 1, (38)
‖(unh,σ
n
h)‖
2
W 1,6 ≤ K3, ∀n ≥ 0, (39)
Proof. The proof follows as in Corollary 4.18 of [10].
Remark 3.17. In particular, from (39) one has ‖(unh,σ
n
h)‖L∞ ≤ K4 for all n ≥ 0.
Lemma 3.18. (Strong estimates for vnh) Let v
n
h be the solution of (28). Under hypotheses of
Corollary 3.15, the following estimate holds
‖vnh‖
2
1 + k
n∑
m=1
(‖δtvˆ
m
h ‖
2
0 + ‖Ahvˆ
m
h ‖
2
0) ≤ C1, ∀n ≥ 1. (40)
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Proof. Taking v¯ = Ahvˆ
n
h and δtvˆ
n
h in (34), one has
δt
(
‖vˆnh‖
2
1
)
+
1
2
‖Ahvˆ
n
h‖
2
0 +
1
2
‖δtvˆ
n
h‖
2
0 ≤ C‖uˆ
n
h + 2m0‖
2
L4‖uˆ
n
h‖
2
L4 . (41)
Then, multiplying (41) by k, adding form = 0, ···, n, and using (32) and (36), (40) is deduced.
Theorem 3.19. (Regular estimates for vnh) Assume v0 ∈ H
2(Ω). Under the hypotheses of
Corollary 3.16, the following estimates hold
‖δtv
n
h‖
2
0 + k
n∑
m=1
‖δtvˆ
m
h ‖
2
1 ≤ C2, ∀n ≥ 1, (42)
‖vnh‖
2
W 1,6 ≤ C3, ∀n ≥ 0. (43)
Proof. We denote v˜nh := δtvˆ
n
h . Then, making the time discrete derivative of (34) (using that
δt(u
n
h)
2 = (unh + u
n−1
h )δtu
n
h), testing by v˜
n
h and using (36), one has
1
2
δt
(
‖v˜nh‖
2
0
)
+
1
2
‖v˜nh‖
2
1 ≤ C‖u
n
h + u
n−1
h ‖
2
L3‖δtu
n
h‖
2
0 ≤ C‖δtu
n
h‖
2
0. (44)
Then, multiplying (44) by k, adding for m = 2, · · ·, n and using (37), one arrives at
‖v˜nh‖
2
0 + k
n∑
m=1
‖v˜mh ‖
2
1 ≤ C + C‖v˜
1
h‖
2
0.
Then, in order to deduce (42), it suffices to bound ‖v˜1h‖
2
0. Indeed, from (34), one has
(δtvˆ
1
h, v¯h) + (Ah(vˆ
1
h − vˆ
0
h), v¯h) + (Ahvˆ
0
h, v¯h) = ((uˆ
1
h + 2m0)uˆ
1
h, v¯h), ∀v¯h ∈ Vh. (45)
Then, taking v¯h = δtvˆ
1
h in (45) and using (36), one can obtain
‖δtvˆ
1
h‖
2
0 ≤ C‖Ahvˆ
0
h‖
2
0 + C‖uˆ
1
h‖
2
L4‖uˆ
1
h + 2m0‖
2
L4 . (46)
From the inverse inequality (20) and the interpolation error (18), we have
‖Ahvˆ
0
h‖0 ≤ ‖Ah(R
v
hvˆ0 − vˆ0)‖0 + ‖Ahvˆ0‖0 ≤ C
1
h
‖Rvhvˆ0 − vˆ0‖1 + ‖vˆ0‖2 ≤ C‖vˆ0‖2. (47)
Thus, using (36) and (47) in (46), the estimate ‖v˜1h‖
2
0 ≤ C is obtained. Finally, (43) can be
deduced from (21)2, (36) and (42).
3.4 Error estimates
We will obtain error estimates for the scheme US with respect to a sufficiently regular solution
(u,σ) of (4) and v of (5). For any final time T > 0, let us consider a fixed partition of [0, T ]
given by (tn = nk)
N
n=0, where k = T/N > 0 is the time step. We will denote by C,Ci,Ki to
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different positive constants possibly depending on the continuous solution (u, v,σ = ∇v), but
independent of the discrete parameters (k, h) and the length of the time interval T , because the
dependence of T will be given explicitly. In order to obtain optimal error estimates, we will
assume the following continuous FE spaces:
Uh,Σh ∼ Pm[x] and Vh ∼ Pm+1, with m ≥ 1.
This is a natural assumption because, in the continuous model, the energy norm for v has one
order higher than for (u,σ). In fact, we are going to obtain optimal error estimates, in weak
norms for (u,σ) and in strong norms for v.
We introduce the following notations for the errors at t = tn:
enu = u(tn)− u
n
h, e
n
σ
= σ(tn)− σ
n
h and e
n
v = v(tn)− v
n
h
and for the discrete norms:
‖(en)‖2l∞X := max
n=1,··· ,N
‖en‖2X , ‖(e
n)‖2l2X := k
N∑
n=1
‖en‖2X .
3.4.1 Error estimates for (enu, e
n
σ
) in weak norms
Subtracting (4) at t = tn and the scheme US, then (e
n
u, e
n
σ
) satisfies
(δte
n
u, u¯h) + (∇e
n
u,∇u¯h) + (e
n
uσ(tn) + u
n
he
n
σ
,∇u¯h) = (ξ
n
1 , u¯h), ∀u¯h ∈ Uh, (48)
(δte
n
σ
, σ¯h) + 〈Bhe
n
σ
, σ¯h〉 = 2(e
n
u∇u(tn) + u
n
h∇e
n
u, σ¯h) + (ξ
n
2 , σ¯h), ∀σ¯h ∈ Σh, (49)
where ξn1 , ξ
n
2 are the consistency errors associated to the scheme US, that is,
ξn1 = δt(u(tn))− ut(tn) and ξ
n
2 = δt(σ(tn))− σt(tn).
Now, considering the interpolation operators Ruh and R
σ
h defined in (13)-(14), the errors e
n
u and
en
σ
are decomposed as follows
enu = (I −R
u
h)u(tn) +R
u
hu(tn)− u
n
h = e
n
u,i + e
n
u,h, (50)
en
σ
= (I −Rσh )σ(tn) +R
σ
hσ(tn)− σ
n
h = e
n
σ,i + e
n
σ,h, (51)
where enu,i is the interpolation error and e
n
u,h is the discrete error of u (idem for σ). Then, taking
into account (13)-(14), from (48)-(51), one has(
δte
n
u,h, u¯h
)
+(∇enu,h,∇u¯h) + (e
n
u,hσ(tn) + u
n
he
n
σ,h,∇u¯h) = (ξ
n
1 , u¯h)
−
(
δte
n
u,i, u¯h
)
− (enu,iσ(tn) + u
n
he
n
σ,i,∇u¯h), ∀u¯h ∈ Uh, (52)
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(
δte
n
σ,h, σ¯h
)
+(Bhe
n
σ,h, σ¯h) = (ξ
n
2 , σ¯h) + 2(e
n
u,h∇u(tn) + u
n
h∇e
n
u,h, σ¯h)
+2(enu,i∇u(tn) + u
n
h∇e
n
u,i, σ¯h)−
(
δte
n
σ,i, σ¯h
)
, ∀σ¯h ∈ Σh. (53)
Notice that
∫
Ω e
n
u,h = 0 (since u
0
h = R
u
hu0 and from (13)
∫
ΩR
u
hu(tn) =
∫
Ω u(tn) = m0), hence
the following norms are equivalent: ‖∇enu,h‖0 ≃ ‖e
n
u,h‖1.
Theorem 3.20. Assume that there exists (u,σ) an exact solution of (4) such that:{
(u,σ) ∈ L∞(0,+∞;Hm+1(Ω)×Hm+1(Ω)), (ut,σt) ∈ L
2(0,+∞;Hm+1(Ω)×Hm+1(Ω)),
(utt,σtt) ∈ L
2(0,+∞;H1(Ω)′ ×H1σ(Ω)
′).
(54)
Let (unh,σ
n
h) be a solution of the scheme US. Then, if
k(‖(u,σ)‖4L∞(H1) + ‖(u,σ)‖
2
L∞(H2)) is small enough, (55)
the following a priori error estimate holds
‖(enu,h, e
n
σ,h)‖
2
l∞L2∩l2H1 ≤ K1T exp(K2T )(k
2 + h2(m+1)). (56)
Recall that u and σ are approximated by Pm-continuous FE.
Proof. Taking u¯h = e
n
u,h in (52), σ¯h =
1
2
en
σ,h in (53) and adding, the terms (u
n
h∇e
n
u,h, e
n
σ,h)
cancel, and we obtain
δt
(
1
2
‖enu,h‖
2
0 +
1
4
‖en
σ,h‖
2
0
)
+
1
2
‖(enu,h, e
n
σ,h)‖
2
1 = (ξ
n
1 , e
n
u,h) +
1
2
(ξn2 , e
n
σ,h)−
(
δte
n
u,i, e
n
u,h
)
−
1
2
(
δte
n
σ,i, e
n
σ,h
)
− (enu,h , σ(tn) · ∇e
n
u,h −∇u(tn) · e
n
σ,h)− (e
n
u,i , σ(tn) · ∇e
n
u,h −∇u(tn) · e
n
σ,h)
−(unh , e
n
σ,i · ∇e
n
u,h −∇e
n
u,i · e
n
σ,h) :=
7∑
m=1
Im. (57)
Then, using the Hölder and Young inequalities, the 3D interpolation inequality (11), the inter-
polation errors (16)-(17), the stability property (19) and the hypothesis (54), the terms on the
right hand side of (57) can be estimated as follows
I1 + I2 ≤ ε‖(e
n
u,h, e
n
σ,h)‖
2
1 + Cε‖(ξ
n
1 , ξ
n
2 )‖
2
(H1)′×(H1σ)
′
≤ ε‖(enu,h, e
n
σ,h)‖
2
1 + Ck
∫ tn
tn−1
‖(utt(t),σtt(t))‖
2
(H1)′×(H1σ)
′dt, (58)
I3 + I4 ≤ ‖(e
n
u,h, e
n
σ,h)‖0‖((I −R
u
h)δtu(tn), (I −R
σ
h )δtσ(tn))‖0
≤ ε‖(enu,h, e
n
σ,h)‖
2
1 + Ch
2(m+1)‖(δtu(tn), δtσ(tn))‖
2
m+1
≤ ε‖(enu,h, e
n
σ,h)‖
2
1 +
Ch2(m+1)
k
∫ tn
tn−1
‖(ut,σt)‖
2
m+1dt, (59)
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where the fact that (δtu(tn), δtσ(tn)) =
1
k
∫ tn
tn−1
(ut,σt) was used in the last inequality,
I5 ≤ ‖e
n
u,h‖L3
(
‖∇u(tn)‖0‖e
n
σ,h‖L6 + ‖∇ · σ(tn)‖0‖e
n
u,h‖L6
)
≤ ε‖(enu,h, e
n
σ,h)‖
2
1 + Cε‖(∇u,∇ · σ)‖
4
L∞(L2)‖e
n
u,h‖
2
0, (60)
I6 ≤ ‖e
n
u,i‖0
(
‖∇enu,h‖0‖σ(tn)‖L∞ + ‖∇u(tn)‖L3‖e
n
σ,h‖L6
)
≤ ε‖(enu,h, e
n
σ,h)‖
2
1 + Cε‖e
n
u,i‖
2
0 ≤ ε‖(e
n
u,h, e
n
σ,h)‖
2
1 + C h
2(m+1),
I7 ≤ |(e
n
u,h , e
n
σ,i · ∇e
n
u,h −∇e
n
u,i · e
n
σ,h)|+ |(R
u
hu(tn) , e
n
σ,i · ∇e
n
u,h −∇e
n
u,i · e
n
σ,h)|
≤ ε‖(enu,h, e
n
σ,h)‖
2
1 + Cε‖e
n
u,h‖
2
0‖(e
n
u,i, e
n
σ,i)‖
2
W 1,3×L∞ + Cε‖R
u
hu(tn)‖
2
W 1,3∩L∞‖(e
n
u,i, e
n
σ,i)‖
2
0
≤ ε‖(enu,h, e
n
σ,h)‖
2
1+C‖(u,σ)‖
2
L∞(H2)‖e
n
u,h‖
2
0+Ch
2(m+1). (61)
Therefore, taking ε small enough, from (57)-(61) we obtain
δt
(
1
2
‖enu,h‖
2
0 +
1
4
‖en
σ,h‖
2
0
)
+ ‖(enu,h, e
n
σ,h)‖
2
1 ≤ Ch
2(m+1) + C(u,σ)‖enu,h‖
2
0
+Ck
∫ tn
tn−1
‖(utt(t),σtt(t))‖
2
(H1)′×(H1σ)
′dt+
Ch2(m+1)
k
∫ tn
tn−1
‖(ut,σt)‖
2
m+1dt (62)
where C(u,σ) = C
(
‖(u,σ)‖4L∞(0,∞;H1) + ‖(u,σ)‖
2
L∞(0,∞;H2)
)
. Then, multiplying (62) by k,
adding from n = 1 to n = r, recalling that e0u,h = e
0
σ,h = 0, and taking into account (54), it holds
[1
4
− k C(u,σ)
]
‖(eru,h, e
r
σ,h)‖
2
0 + k
r∑
n=1
‖(enu,h, e
n
σ,h)‖
2
1 ≤ Ck
2 + Ch2(m+1) + C k
r−1∑
n=0
‖enu,h‖
2
0.
Therefore, assuming the hypothesis (55) and using the discrete Gronwall Lemma, error estimate
(56) can be deduced.
Remark 3.21. Under the hypotheses of Theorem 3.20, one has in particular
‖(unh,σ
n
h)‖
2
1 ≤ C +K1T exp(K2T )
(
k +
h2(m+1)
k
)
.
Therefore, under the hypothesis
h2(m+1)
k
≤ C, (63)
one has the estimate
‖(unh,σ
n
h)‖
2
1 ≤ C, (64)
hence the hypothesis (29) providing uniqueness of the scheme is reduced to k small enough.
Finally, since for any choice of (k, h) either (30) (see Remark 3.5) or (63) hold, one has the
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uniqueness of (unh,σ
n
h) solution of (27) only imposing k small enough.
3.4.2 Error estimates for env is strong norms
Subtracting (5) at t = tn and (28), then e
n
v satisfies
(δte
n
v , v¯h) + 〈Ae
n
v , v¯h〉 = ((u(tn) + u
n
h)e
n
u, v¯h) + (ξ
n
3 , v¯h), ∀v¯h ∈ Vh, (65)
where ξn3 = δt(v(tn)) − vt(tn) is the consistency error associated to (28). Now, considering the
interpolation operator Rvh defined in (15), e
n
v is decomposed as follows
env = (I −R
v
h)v(tn) +R
v
hv(tn)− v
n
h = e
n
v,i + e
n
v,h. (66)
Then, taking into account (15), from (65)-(66), one has for all v¯h ∈ Vh:(
δte
n
v,h, v¯h
)
+(Ahe
n
v,h, v¯h) = (ξ
n
3 , v¯h) + ((u(tn) + u
n
h)(e
n
u,h+ e
n
u,i), v¯h)−(δte
n
v,i, v¯h). (67)
Theorem 3.22 (Strong estimates). Under the hypotheses of Theorem 3.20, and assuming the
regularity:
(vt, vtt) ∈ L
2(0,+∞;Hm+1(Ω)× L2(Ω)), (68)
the following a priori error estimate holds
‖env,h‖
2
l∞H1∩l2W 1,6 ≤ K3T exp(K4T )(k
2 + h2(m+1)). (69)
Proof. Taking v¯h = Ahe
n
v,h in (67) and using the Hölder and Young inequalities, one has
δt
(
1
2
‖env,h‖
2
1
)
+
k
2
‖δte
n
v,h‖
2
1 +
1
2
‖Ahe
n
v,h‖
2
0 ≤ C‖ξ
n
3 ‖
2
0 + C‖u(tn) + u
n
h‖
2
L3‖e
n
u,h‖
2
L6
+C‖(u(tn) + u
n
h)e
n
u,i‖
2
0 + C‖(I −R
v
h)δtv(tn)‖
2
0. (70)
Using the Hölder inequality, the interpolation error (16), the stability property (19) and the
hypothesis (54), one has
‖(u(tn) + u
n
h)e
n
u,i‖
2
0 ≤ C‖u(tn) +R
u
hu(tn)‖
2
L∞‖e
n
u,i‖
2
0 + C‖e
n
u,h‖
2
L6‖e
n
u,i‖
2
L3
≤ Ch2(m+1) + C‖enu,h‖
2
1. (71)
Therefore, proceeding as in (58) and (59) and using (71), then (70) becomes
δt
(
‖env,h‖
2
1
)
+‖Avhe
n
v,h‖
2
0 ≤ Ck
∫ tn
tn−1
‖vtt(t)‖
2
0dt+ Ch
2(m+1)
+(C‖u(tn) + u
n
h‖
2
L3 + C)‖e
n
u,h‖
2
1 +
Ch2(m+1)
k
∫ tn
tn−1
‖vt‖
2
m+1dt.
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Now, in order to bound the term ‖u(tn) + u
n
h‖
2
L3 , we split the argument into two cases:
1. Estimates assuming h << f(k) (h small enough with respect to k):
From (56) one has that k
r∑
n=1
‖enu,h‖
2
1 ≤ K1T exp(K2T )(k
2 + h2(m+1)), which implies
‖enu,h‖1 ≤ K1T
1/2 exp(K2T )
(
k1/2 +
hm+1
k1/2
)
. (72)
Moreover, using (11), (19), (54), (56) and (72), one obtains
‖u(tn) + u
n
h‖
2
L3 ≤ C‖u(tn)‖
2
L3 + C‖R
u
hu(tn)‖
2
L3 + C‖e
n
u,h‖
2
L3 ≤ C + C‖e
n
u,h‖0‖e
n
u,h‖1
≤ C +K1T exp(K2T )(k + h
m+1)
(
k1/2 +
hm+1
k1/2
)
,
hence ‖u(tn) + u
n
h‖
2
L3 ≤ C assuming the hypothesis
h2(m+1)
k1/2
≤
C
K1T exp(K2T )
. (73)
2. Estimates assuming k << g(k) (k small enough with respect to h):
Using the inverse inequality ‖uh‖L3 ≤
C
h1/2
‖uh‖0 for all uh ∈ Uh, (19), (54) and (56),
‖u(tn) + u
n
h‖
2
L3 ≤ C‖u(tn)‖
2
L3 +C‖R
u
hu(tn)‖
2
L3 + C‖e
n
u,h‖
2
L3
≤ C +
C
h
‖enu,h‖
2
0 ≤ C +K1T exp(K2T )
1
h
(k2 + h2(m+1)),
hence ‖u(tn) + u
n
h‖
2
L3 ≤ C assuming the hypothesis
k2
h
≤
C
K1T exp(K2T )
. (74)
Therefore, since for any choice of (k, h) either (73) or (74) hold, one always obtains
δt
(
‖env,h‖
2
1
)
+‖Ahe
n
v,h‖
2
0 ≤ Ck
∫ tn
tn−1
‖vtt(t)‖
2
0dt
+C‖enu,h‖
2
1 + Ch
2(m+1) +
Ch2(m+2)
k
∫ tn
tn−1
‖vt‖
2
m+2dt. (75)
Multiplying (75) by k, adding from n = 1 to n = r, recalling that e0v,h = 0 and using (56) and
(68), the error estimate (69) can be obtained.
4 Linear iterative methods to approach the scheme US
Since the nonlinear scheme US cannot be directly implemented, we propose two linear iterative
methods to approach a solution (unh,σ
n
h) of the scheme US; a Picard method and Newton’s
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method. The solvability of both methods and the convergence towards US will be proved.
4.1 Picard Method
Let (un−1h ,σ
n−1
h ) ∈ Uh×Σh be fixed. Given u
l−1
h ∈ Uh (assuming u
0
h = u
n−1
h at the first iteration
step), find (ulh,σ
l
h) ∈ Uh ×Σh solving the linear coupled problem:
1
k
(ulh, u¯h) + (∇u
l
h,∇u¯h) + (u
l−1
h σ
l
h,∇u¯h) =
1
k
(un−1h , u¯h), ∀u¯h ∈ Uh,
1
k
(σlh, σ¯h) + (Bhσ
l
h, σ¯h)− 2(u
l−1
h ∇u
l
h, σ¯h) =
1
k
(σn−1h , σ¯h), ∀σ¯h ∈ Σh,
(76)
until that the following stopping criterion be satisfied:
max
{
‖ulh − u
l−1
h ‖0
‖ul−1h ‖0
,
‖σlh − σ
l−1
h ‖0
‖σl−1h ‖0
}
≤ tol. (77)
Theorem 4.1. (Unconditional Solvability) There exists a unique (ulh,σ
l
h) solution of (76).
Proof. Since (76) can be rewritten as a square linear algebraic system, it suffices to prove unique-
ness. Let (ulh,1,σ
l
h,1), (u
l
h,2,σ
l
h,2) ∈ Uh × Σh be two possible solutions of (76). Then defining
ulh = u
l
h,1 − u
l
h,2 and σ
l
h = σ
l
h,1 − σ
l
h,2, one has
1
k
(ulh, u¯h) + (∇u
l
h,∇u¯h) + (u
l−1
h σ
l
h,∇u¯h) = 0, ∀u¯h ∈ Uh, (78)
1
k
(σlh, σ¯h) + (Bhσ
l
h, σ¯h)− 2(u
l−1
h ∇u
l
h, σ¯h) = 0, ∀σ¯h ∈ Σh. (79)
Taking u¯h = u
l
h and σ¯h =
1
2
σ
l
h in (78) and (79), and adding the resulting equations, the terms
(ul−1h ∇u
l
h,σ
l
h) cancel, obtaining
1
2k
‖(ulh,σ
l
h)‖
2
0 +
1
2
‖(∇ulh,σ
l
h)‖
2
L2×H1 ≤ 0,
hence ‖(ulh,σ
l
h)‖1 = 0, which implies u
l
h,1 = u
l
h,2 and σ
l
h,1 = σ
l
h,2.
Theorem 4.2. (Local uniqueness of scheme US and Convergence of Picard’s method)
Given (un−1h ,σ
n−1
h ), there exists r > 0 (large enough) such that if
k‖(un−1h ,σ
n−1
h )‖
4
1 and k r
4 are small enough, (80)
then the scheme US has a unique solution (unh,σ
n
h) in Br((u
n−1
h ,σ
n−1
h )) := {(u,σ) ∈ Uh ×Σh :
‖(u − un−1h ,σ − σ
n−1
h )‖1 ≤ r}. Moreover, the sequence of solutions {u
l
h,σ
l
h}l≥0 of the iterative
algorithm (76) converges to (unh,σ
n
h) strongly in H
1(Ω).
Proof. Let the operator R : Uh → Uh be given by R(u˜) = u, where (u,σ) satisfies (76) changing
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ul−1h by u˜ and (u
l
h,σ
l
h) by (u,σ), that is,
1
k
(u, u¯h) + (∇u,∇u¯h) + (u˜σ,∇u¯h) =
1
k
(un−1h , u¯h), ∀u¯h ∈ Uh, (81)
1
k
(σ, σ¯h) + (Bhσ, σ¯h)− 2(u˜∇u, σ¯h) =
1
k
(σn−1h , σ¯h), ∀σ¯h ∈ Σh. (82)
From Theorem 4.1, for any u˜ ∈ Uh there exists a unique (u,σ) ∈ Uh ×Σh solution of (81)-(82).
Thus, R is well defined. Now, before proving that R is contractive, we will construct a ball
Br(u
n−1
h ) = {u ∈ Uh : ‖u− u
n−1
h ‖1 ≤ r} ⊂ Uh such that R(Br(u
n−1
h )) ⊆ Br(u
n−1
h ). In order to
define r, one considers w = u− un−1h and τ = σ − σ
n−1
h . Then, from (81)-(82) one has
1
k
(w, u¯h) + (∇w,∇u¯h) = −(u˜τ ,∇u¯h)− (∇u
n−1
h ,∇u¯h)− (u˜σ
n−1
h ,∇u¯h), ∀u¯h ∈ Uh, (83)
1
k
(τ , σ¯h) + (Bhτ , σ¯h) = 2(u˜∇w, σ¯h)− (Bhσ
n−1
h , σ¯h) + 2(u˜∇u
n−1
h , σ¯h), ∀σ¯h ∈ Σh. (84)
Taking u¯h = w and σ¯h =
1
2
τ in (83)-(84) and adding, the terms (u˜∇w, τ ) cancel, and using the
fact that
∫
Ω
w = 0 as well as the 3D interpolation inequality (11), it holds
1
2k
‖(w, τ )‖20 +
1
2
‖(w, τ )‖21 ≤
1
8
‖(w, τ )‖21 +C‖(u
n−1
h ,σ
n−1
h )‖
2
1
+
1
8
‖u˜− un−1h ‖
2
1 +
1
8
‖un−1h ‖
2
1 +
1
8
‖(w, τ )‖21 + C‖(u
n−1
h ,σ
n−1
h )‖
4
1‖(w, τ )‖
2
0.
Therefore,[
1
2k
− C‖(un−1h ,σ
n−1
h )‖
4
1
]
‖(w, τ )‖20 +
1
4
‖(w, τ )‖21 ≤ C‖(u
n−1
h ,σ
n−1
h )‖
2
1 +
1
8
‖u˜− un−1h ‖
2
1. (85)
Thus, if k <
1
2C‖(un−1h ,σ
n−1
h )‖
4
1
, from (85), one concludes
‖(w, τ )‖21 ≤ C‖(u
n−1
h ,σ
n−1
h )‖
2
1 +
1
2
‖u˜− un−1h ‖
2
1. (86)
Then, choosing r > 0 large enough such that
C‖(un−1h ,σ
n−1
h )‖
2
1 ≤
1
2
r2, (87)
from (86) one deduces that R(Br(u
n−1
h )) ⊆ Br(u
n−1
h ). Then, the restriction of R to Br(u
n−1
h )
is taken, that is, Rr : Br(u
n−1
h ) → Br(u
n−1
h ). Let us prove that Rr is contractive. Let u˜1, u˜2 ∈
Br(u
n−1
h ), and (u1,σ1) and (u2,σ2) solutions of (81)-(82) related to u˜1 and u˜2 respectively (i.e.,
Rr(u˜1) = u1 and Rr(u˜2) = u2). Then, from (81)-(82) one has that (u1−u2,σ1−σ2) ∈ Uh×Σh
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satisfies
1
k
(u1 − u2, u¯h) + (∇(u1 − u2),∇u¯h) + (u˜1(σ1 − σ2),∇u¯h) + ((u˜1 − u˜2)σ2,∇u¯h) = 0, ∀u¯h ∈ Uh,
1
k
(σ1−σ2, σ¯h)+(Bh(σ1−σ2), σ¯h)−2(u˜1∇(u1−u2), σ¯h)−2((u˜1− u˜2)∇u2, σ¯h) = 0, ∀σ¯h ∈ Σh.
Taking u¯h = u1− u2, σ¯h =
1
2
(σ1−σ2) and adding, the terms (u˜1(σ1−σ2),∇(u1 − u2)) cancel,
and using the Hölder and Young inequalities, the 3D interpolation inequality (11) and taking
into account that
∫
Ω u1 − u2 = 0, one obtains
1
2k
‖(u1 − u2,σ1 − σ2)‖
2
0 + ‖u1 − u2‖
2
1 +
1
2
‖σ1 − σ2‖
2
1
≤ C‖u˜1 − u˜2‖1(‖σ2‖1‖u1 − u2‖L3 + ‖u2‖1‖σ1 − σ2‖L3)
≤
1
4
‖u˜1 − u˜2‖
2
1 +
1
2
‖u1 − u2‖
2
1 +
1
4
‖σ1 − σ2‖
2
1 + C‖(u1 − u2,σ1 − σ2)‖
2
0‖(u2,σ2)‖
4
1.
Therefore,
1
k
‖(u1 − u2,σ1 − σ2)‖
2
0 + ‖u1 − u2‖
2
1 +
1
2
‖σ1 − σ2‖
2
1
≤
1
2
‖u˜1 − u˜2‖
2
1 + C‖(u1 − u2,σ1 − σ2)‖
2
0‖(u2,σ2)‖
4
1. (88)
Since (86) and (87) imply ‖(u2,σ2)‖
4
1 ≤ C(r
4 + ‖(un−1h ,σ
n−1
h )‖
4
1), then if
1
2k
> Cr4 and
1
2k
>
C‖(un−1h ,σ
n−1
h )‖
4
1, one has from (88):
‖Rr(u˜1)−Rr(u˜2)‖
2
1 ≤
1
2
‖u˜1 − u˜2‖
2
1,
i.e. Rr is contractive. Then, the Banach fixed point theorem implies the existence of a unique
fixed point of Rr, Rr(u) = u. Thus, (u,σ) is the unique solution of the scheme US with
u ∈ Br(u
n−1
h ). Additionally, the sequence {u
l
h,σ
l
h}l≥0 of the iterative algorithm (76) converges
to the solution (unh,σ
n
h).
Remark 4.3. In the case of 2D domains, since estimate (36) holds, then the restriction (80)1
can be relaxed to k ≤ K0, where K0 is a constant depending on data (Ω, u0,σ0), but independent
of (k, h) and n.
Remark 4.4. Notice that the restriction (80)1 is equivalent to (29). Therefore, under the hy-
potheses of Theorem 3.20 and arguing as in Remark 3.21, the conclusion of Theorem 4.2 remains
true only assuming k small enough.
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4.2 Newton’s Method
Let (un−1h ,σ
n−1
h ) ∈ Uh ×Σh be fixed. Given (u
l−1
h ,σ
l−1
h ) ∈ Uh ×Σh, find (u
l
h,σ
l
h) ∈ Uh ×Σh
solving the linear coupled problem:
1
k
(ulh, u¯h) + (∇u
l
h,∇u¯h) + (u
l−1
h σ
l
h,∇u¯h) + (u
l
hσ
l−1
h ,∇u¯h) =
1
k
(un−1h , u¯h) + (u
l−1
h σ
l−1
h ,∇u¯h),
1
k
(σlh, σ¯h) + (Bhσ
l
h, σ¯h)− 2(u
l−1
h ∇u
l
h, σ¯h)
−2(ulh∇u
l−1
h , σ¯h) =
1
k
(σn−1h , σ¯h)− 2(u
l−1
h ∇u
l−1
h , σ¯h),
(89)
for all (u¯h, σ¯h) ∈ Uh ×Σh. Iterations will repeat until the stopping criterion (77) be satisfied.
The following result will be applied to obtain the convergence of Newton’s method (89).
Lemma 4.5. Let X be a Banach space and consider a sequence {el}l≥0 ⊆ X, such that
‖el‖
2
X ≤ C
(
‖el−1‖
2
X
)2
, ∀l ≥ 1 and ‖e0‖
2
X is small enough.
Then, el converges to 0 as l→ +∞ in the X-norm.
Theorem 4.6. (Conditional convergence of Newton’s method) Let (unh,σ
n
h) be a fixed
solution of the scheme US and let (ulh,σ
l
h) be any solution of (89). There exists δ0 > 0 small
enough such that if
‖(e0u, e
0
σ
)‖21 ≤ δ0, k‖(u
n
h,σ
n
h)‖
4
1 and k(δ0)
2 are small enough, (90)
then {ulh,σ
l
h}l≥0 converges to (u
n
h,σ
n
h) in the H
1(Ω)-norm as l→ +∞.
Proof. We can rewrite problem (27) in a vectorial way,
(0, 0) = 〈F(unh,σ
n
h), (u¯h, σ¯h)〉 = (〈F1(u
n
h,σ
n
h), u¯h〉, 〈F2(u
n
h,σ
n
h), σ¯h〉) , (91)
where each Fi(u
n
h,σ
n
h) corresponds with the equation (27)i (i = 1, 2). Therefore, Newton’s
method (89) reads
〈F′(ul−1h ,σ
l−1
h )(u
l
h − u
l−1
h ,σ
l
h − σ
l−1
h ), (u¯h, σ¯h)〉 = −〈F(u
l−1
h ,σ
l−1
h ), (u¯h, σ¯h)〉,
which can be rewritten as
(0, 0) = (〈F1(u
l−1
h ,σ
l−1
h ), u¯h〉, 〈F2(u
l−1
h ,σ
l−1
h ), σ¯h〉)
+(〈F ′1(u
l−1
h ,σ
l−1
h )(u
l
h − u
l−1
h ,σ
l
h − σ
l−1
h ), u¯h〉, 〈F
′
2(u
l−1
h ,σ
l−1
h )(u
l
h − u
l−1
h ,σ
l
h − σ
l−1
h ), σ¯h〉). (92)
Moreover, from a vectorial Taylor’s formula of F(unh,σ
n
h) with center at (u
l−1
h ,σ
l−1
h ), and using
22
(91), one has that
(0, 0) = (〈F1(u
n
h,σ
n
h), u¯h〉, 〈F2(u
n
h,σ
n
h), σ¯h〉)
=
(
〈F1(u
l−1
h ,σ
l−1
h ), u¯h〉, 〈F2(u
l−1
h ,σ
l−1
h ), σ¯h〉
)
+
(
〈F ′1(u
l−1
h ,σ
l−1
h )(u
n
h − u
l−1
h ,σ
n
h − σ
l−1
h ), u¯h〉, 〈F
′
2(u
l−1
h ,σ
l−1
h )(u
n
h − u
l−1
h ,σ
n
h − σ
l−1
h ), σ¯h〉
)
+
1
2
(
〈(unh − u
l−1
h ,σ
n
h − σ
l−1
h )
tF ′′1 (u
n+ε,σn+ε)(unh − u
l−1
h ,σ
n
h − σ
l−1
h ), u¯h〉,
〈(unh − u
l−1
h ,σ
n
h − σ
l−1
h )
tF ′′2 (u
n+ε,σn+ε)(unh − u
l−1
h ,σ
n
h − σ
l−1
h ), σ¯h〉
)
, (93)
where un+ε = εunh+(1−ε)u
l−1
h , σ
n+ε = εσnh+(1−ε)σ
l−1
h , and F
′
i and F
′′
i denote the Jacobian and
the Hessian of Fi (i = 1, 2), respectively. Therefore, denoting by e
l
u = u
n
h−u
l
h and e
l
σ
= σnh−σ
l
h,
from (92)-(93), we deduce〈
∂F1
∂u
(ul−1h ,σ
l−1
h )(e
l
u) +
∂F1
∂σ
(ul−1h ,σ
l−1
h )(e
l
σ
), u¯h
〉
= −
1
2
〈(el−1u , e
l−1
σ
)tF ′′1 (u
n+ε,σn+ε)(el−1u , e
l−1
σ
), u¯h〉, (94)
〈
∂F2
∂u
(ul−1h ,σ
l−1
h )(e
l
u) +
∂F2
∂σ
(ul−1h ,σ
l−1
h )(e
l
σ
), σ¯h
〉
= −
1
2
〈(el−1u , e
l−1
σ
)tF ′′2 (u
n+ε,σn+ε)(el−1u , e
l−1
σ
), σ¯h〉. (95)
Thus, from (94)-(95) and taking into account that F ′′i are constant matrices, we arrive at
1
k
(elu, u¯h) + (∇e
l
u,∇u¯h) + (e
l
uσ
l−1
h ,∇u¯h) + (u
l−1
h e
l
σ
,∇u¯h) = −(e
l−1
u e
l−1
σ
,∇u¯h), ∀u¯h ∈ Uh, (96)
1
k
(el
σ
, σ¯h) + (Bhe
l
σ
, σ¯h) + 2(u
l−1
h e
l
u,∇ · σ¯h) = −(|e
l−1
u |
2,∇ · σ¯h), ∀σ¯h ∈ Σh. (97)
Taking u¯h = e
l
u and σ¯h = e
l
σ
in (96) and (97) respectively, taking into account that
∫
Ω
elu = 0
and using the Hölder and Young inequalities as well as the 3D interpolation inequality (11),
1
k
‖(elu, e
l
σ
)‖20+‖(e
l
u, e
l
σ
)‖21 ≤
1
2
‖(elu, e
l
σ
)‖21+C‖(e
l
u, e
l
σ
)‖20‖(u
l−1
h ,σ
l−1
h )‖
4
1+C‖(e
l−1
u , e
l−1
σ
)‖41. (98)
In order to use an inductive strategy, the following hypothesis will be assumed
‖(el−1u , e
l−1
σ
)‖21 ≤ δ0,
which implies that
‖(ul−1h ,σ
l−1
h )‖1 ≤ ‖(u
n
h,σ
n
h)‖1 +
√
δ0, (99)
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where δ0 > 0 is a small enough constant. Therefore, from (98)-(99), one has(
1
k
− C(‖(unh,σ
n
h)‖
4
1 + (δ0)
2)
)
‖(elu, e
l
σ
)‖20 +
1
2
‖(elu, e
l
σ
)‖21 ≤ C
(
‖(el−1u , e
l−1
σ
)‖21
)2
. (100)
Thus, if
1
2k
> C‖(unh,σ
n
h)‖
4
1 and
1
2k
> C(δ0)
2 (which is possible owing to (90)2 and (90)3), one
has from (100)
‖(elu, e
l
σ
)‖21 ≤ C
(
‖(el−1u , e
l−1
σ
)‖21
)2
. (101)
Therefore, choosing δ0 small enough such that δ0C ≤ 1, the inequality ‖(e
l
u, e
l
σ
)‖21 ≤ δ0 holds.
Indeed, assuming ‖(e0u, e
0
σ
)‖21 ≤ δ0, the following recurrence expression is obtained
‖(elu, e
l
σ
)‖21 ≤ ‖(e
l−1
u , e
l−1
σ
)‖21 ≤ · · · ≤ ‖(e
0
u, e
0
σ
)‖21 ≤ δ0. (102)
Hence, from (101) the hypotheses of Lemma 4.5 are satisfied, and we conclude the convergence
of (ulh,σ
l
h) to (u
n
h,σ
n
h) in the H
1(Ω)-norm.
Remark 4.7. If (36) is satisfied (recall that this estimate holds, at least, in 2D domains), we
can determine δ0 in terms of k. Indeed, from (38), we have that
‖(e0u, e
0
σ
)‖21 = ‖(u
n
h − u
n−1
h ,σ
n
h − σ
n−1
h )‖
2
1 ≤ K2k,
where K2 is the constant appearing in (38). Therefore, we can consider δ0 := K2k. Then, the
hypotheses (90) in Theorem 4.6 are only imposed on k, and (90)2 is reduced to k ≤ K0, where
K0 is a constant depending on data (Ω, u0,σ0), but independent of (k, h) and n.
Remark 4.8. Since restriction (90)2 is equivalent to (29), analogously as in Remark 3.5, under
the hypotheses of Theorem 3.20, the conclusion of Theorem 4.6 remains true assuming k small
enough, (90)1 and (90)3.
Now, observe that from (102), the following estimate for (ulh,σ
l
h) solution of (89) is obtained:
‖(ulh,σ
l
h)‖1 ≤ ‖(u
n
h,σ
n
h)‖1 +
√
δ0, ∀l ≥ 0. (103)
Then, using the above estimate, the conditional unique solvability of (89) will be proved.
Theorem 4.9. (Conditional unique solvability) Assume (90). Then there exists a unique
(ulh,σ
l
h) solution of (89).
Proof. By linearity, it suffices to prove uniqueness of solution of (89). Let (ulh,1,σ
l
h,1), (u
l
h,2,σ
l
h,2) ∈
Uh ×Σh be two solutions of (89). Then, denoting u
l
h = u
l
h,1 − u
l
h,2 and σ
l
h = σ
l
h,1 − σ
l
h,2,
1
k
(ulh, u¯h) + (∇u
l
h,∇u¯h) + (u
l−1
h σ
l
h,∇u¯h) + (u
l
hσ
l−1
h ,∇u¯h) = 0, ∀u¯h ∈ Uh, (104)
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1k
(σlh, σ¯h) + (Bhσ
l
h, σ¯h)− 2(u
l−1
h ∇u
l
h, σ¯h)− 2(u
l
h∇u
l−1
h , σ¯h) = 0, ∀σ¯h ∈ Σh. (105)
Taking u¯h = u
l
h and σ¯h =
1
2
σ
l
h in (104)-(105), taking into account that
∫
Ω
ulh = 0 and using the
Hölder and Young inequalities and (11), one obtains
1
2k
‖(ulh,σ
l
h)‖
2
0 +
1
2
‖(ulh,σ
l
h)‖
2
1 ≤
1
4
‖(ulh,σ
l
h)‖
2
1 + C‖(u
l−1
h ,σ
l−1
h )‖
4
1‖(u
l
h,σ
l
h)‖
2
0,
which, using (103) (recall that (103) holds assuming (90)), implies that[
1
k
− C
(
‖(unh,σ
n
h)‖
4
1 + (δ0)
2
)]
‖(ulh,σ
l
h)‖
2
0 +
1
2
‖(ulh,σ
l
h)‖
2
1 ≤ 0. (106)
Therefore, assuming (90)2−3, from (106) we conclude that ‖(u
l
h,σ
l
h)‖1 = 0, and therefore, u
l
h,1 =
ulh,2 and σ
l
h,1 = σ
l
h,2. Thus, there exists a unique (u
l
h,σ
l
h) solution of (89).
5 Numerical results
In this section, we consider the nonlinear scheme US approximating (4)-(5) with adequate right
hand sides corresponding to the exact solution
u = e−t(cos(2pix) cos(2piy) + 2), v = (1 + sin(t))(cos(2pix) cos(2piy) + 2),
σ = ∇v = (1 + sin(t))(−2pisin(2pix)cos(2piy),−2pi sin(2piy) cos(2pix)).
In our computations, we take Ω = (0, 1)2, and we use a uniform partition with m + 1 nodes
in each direction. We choose the spaces for u, σ and v, generated by P1,P1,P2-continuous FE,
respectively. The linear iterative method used is Newton’s method, stopping when the relative
error in L2-norm is less than tol = 10−6.
In order to check numerically the error estimates obtained in our theoretical analysis, we choose
k = 10−5 and the numerical results with respect to the final time T = 0.001 are listed in
Tables 1-3. We can see that when h → 0, ‖u(tn) − u
n
h‖L2H1 is convergent in optimal rate
O(h), and ‖unh − R
u
hu
n
h‖L2H1 , ‖u(tn) − u
n
h‖L∞L2 , ‖u
n
h − R
u
hu
n
h‖L∞L2 , ‖v(tn) − v
n
h‖L∞H1 and
‖vnh −R
v
hv
n
h‖L∞H1 are convergent in optimal rate O(h
2).
m×m ‖u(tn)− u
n
h‖l∞L2 Order ‖u
n
h −R
u
hu
n
h‖l∞L2 Order
40× 40 2.5 × 10−3 - 1.5× 10−3 -
50× 50 1.6 × 10−3 1.9970 9× 10−4 1.9846
60× 60 1.1 × 10−3 1.9980 7× 10−4 1.9896
70× 70 8× 10−4 1.9985 5× 10−4 1.9923
80× 80 6× 10−4 1.9989 4× 10−4 1.9938
Table 1 – Error orders for ‖u(tn)− u
n
h‖l∞L2 and ‖u
n
h −R
u
hu
n
h‖l∞L2 .
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m×m ‖u(tn)− u
n
h‖l2H1 Order ‖u
n
h −R
u
hu
n
h‖l2H1 Order
40× 40 1.11× 10−2 - 5.219 × 10−4 -
50× 50 8.9× 10−3 0.9978 3.348 × 10−4 1.9896
60× 60 7.4× 10−3 0.9985 2.328 × 10−4 1.9937
70× 70 6.3× 10−3 0.9989 1.711 × 10−4 1.9966
80× 80 5.5× 10−3 0.9992 1.310 × 10−4 1.9988
Table 2 – Error orders for ‖u(tn)− u
n
h‖l2H1 and ‖u
n
h −R
u
hu
n
h‖l2H1 .
m×m ‖v(tn)− v
n
h‖l∞H1 Order ‖v
n
h −R
v
hv
n
h‖l∞H1 Order
40× 40 1.08 × 10−2 - 9.875 × 10−4 -
50× 50 6.9× 10−3 1.9985 5.526 × 10−4 2.6014
60× 60 4.8× 10−3 1.9990 3.448 × 10−4 2.5874
70× 70 3.5× 10−3 1.9993 2.318 × 10−4 2.5768
80× 80 2.7× 10−3 1.9995 1.645 × 10−4 2.5684
Table 3 – Error orders for ‖v(tn)− v
n
h‖l∞H1 and ‖v
n
h −R
v
hv
n
h‖l∞H1 .
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